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Global invariants of paths and curves for the
group of orthogonal transformations in the

two-dimensional Euclidean space

Djavvat Khadjiev and İdris Ören∗

Abstract

In this paper, for the orthogonal group G = O(2) and special or-
thogonal group G = O+(2) global G-invariants of plane paths and plane
curves in two-dimensional Euclidean space E2 are studied. Using com-
plex numbers, a method to detect G-equivalences of plane paths in terms
of the global G-invariants of a plane path is presented. General evident
form of a plane path with the given G-invariants are obtained. For given
two plane paths x(t) and y(t) with the common G-invariants, evident
forms of all transformations g ∈ G, carrying x(t) to y(t), are obtained.
Similar results have obtained for plane curves.

1 Introduction

Transformations and invariants of curves, surfaces and graphical objects ap-
pear in many areas of Computer Aided Geometric Design, Computer Aided
Design, computer graphics, computer vision and pattern recognition. One of
the most important problems in computer vision and vision-based applica-
tions is the automatic identification of objects. Plane curves are fundamental
objects in differential geometry. In industrial shape design or computer aided
geometric design, curves of particular property have been used as a parts of

Key Words: Curve, Invariant, Euclidean geometry
2010 Mathematics Subject Classification: Primary 53A04; Secondary 53A55.
∗ Corresponding author
Received: 06.04.2018
Accepted: 30.06.2018

37



Global invariants of paths and curves 38

figures (see in some references [1, 6, 7, 10, 11, 18] and therein references). The
important problem is to find simple but efficient method for the equivalence
check of two curves. The present paper is devoted to the global differen-
tial geometry of paths and curves in two-dimensional Euclidean space E2 for
the two-dimensional orthogonal group O(2) and the special orthogonal group
O+(2) = {g ∈ O(2)|det(g) = 1}.

Below we use following definitions of a path, an L-regular path, a curve,
a G-equivalence of paths and a G-equivalence of curves in the 2-dimensional
Euclidean space E2.

Let R be the field of real numbers and T = (a, b) be an open interval in R.

Definition 1.1. A C(1)-mapping x : T → E2 will be called a T -path
(parametrized curve) in E2.

Let G = O(2) or G = O+(2).

Definition 1.2. T -paths x(t) and y(t) in E2 are called G-equivalent if there

exists F ∈ G such that y(t) = Fx(t). This being the case , we write x(t)
G∼ y(t)

Definition 1.3. A function f(x(t), y(t), . . . , z(t)) of a finite number of T -
paths x(t), y(t), . . . , z(t)) is called G-invariant if f(Fx(t), Fy(t), . . . , F z(t)) =
f(x(t), y(t), . . . , z(t)) for all F ∈ G, for all T -paths x(t), y(t), . . . , z(t) and for
all t ∈ T .

Definition 1.4. A T -path x(t) in E2 will be called L-regular if x(t) 6= 0 for
all t ∈ T .

Let J1 = (a, b) ⊆ R and J2 = (c, d) ⊆ R.

Definition 1.5. (see [4, 15]) A J1-path x (t) and a J2-path y (r) in E2 will
be called D-equivalent if a C(1)-diffeomorphism ϕ : J2 → J1 exists such that
ϕ
′
(r) > 0 and y(r) = x(ϕ(r)) for all r ∈ J2. A class of D-equivalent paths in

E2 will be called a curve (non-parametrized curve) in E2. A path x ∈ α will
be called a parametrization of a curve α.

Let α = {hτ , τ ∈ Γ} be a curve in E2, where hτ is a parametrization of α.
Then Fα = {Fhτ , τ ∈ Γ} is a curve in E2 for any F ∈ O(2).

Definition 1.6. (see [4, 15]) Two curves α and β in E2 are called G-equivalent

if β = Fα for some F ∈ G. This being the case , we write α
G∼ β.

Definition 1.7. A curve α will be called L-regular if it contains an L-regular
path.

Remark 1.8. There are some definitions of specific curves available, related
to the subject of our research, given by [2], [9, p.2], [12, p.25], [17, p.20-22].



Global invariants of paths and curves 39

For regular curves in classic differential geometry, the following theorem
is known for the group M+(2) : ”Let α and β be two curves in the two-
dimensional Euclidean space E2. Then, α and β are M+(2)-equivalent if and
only if the curvatures and speeds of α and β are equal”, where M+(2)={F :
E2 → E2 | Fx = gx+ b, g ∈ O+(2), b ∈ E2}.

This theorem shows that a necessary and sufficient condition for two curves
in E2 to be M+(2)-equivalent is that they have the same curvature and speed.
Using method of Frenet frames of two curves, this theorem shows how to
compute explicitly an isometry carrying α to β (see [19]). In addition, the
method give conditions only for the local M+(2)-equivalence of curves.

Generally, in the classical differential geometry of curves in the
n-dimensional Euclidean space En, where n ≥ 3, using Frenet-Serret equa-
tions, curvature functions ki, i = 1, . . . , n − 1, of the curve were obtained
(see [3, p.172]). The function ki is M(n)-invariant for i = 1, . . . n − 2, where
M(n)={F : En → En | Fx = gx + b, g ∈ O(n), b ∈ En}, O(n) is the group
of all orthogonal transformations of En. But kn−1 is not M(n)-invariant. It
is M+(n)-invariant, where M+(n)={F : En → En | Fx = gx+ b, g ∈ O+(n),
b ∈ En}, O+(n) = {g ∈ O(n)|det(g) = 1} is the group of all special orthog-
onal transformations of En. Thus invariant theory of curves in the classical
differential geometry was developed only for the group M+(n). In addition,
the method of orthogonal frame in the classical differential geometry give con-
ditions only for the local M+(n)-equivalence of curves.

In works [4, 12], by using invariant parametrization of curves, the prob-
lem of global G-equivalence of curves (that is nonparametrized curves) was
reduced to the problem of global G-equivalence of paths (that is parametrized
curves) for groups G = M(n),M+(n). Complete systems of global invariants
of non-degenerate paths and non-degenerate curves in classical geometries were
obtained. Moreover, systems of generators of differential field of G-invariant
differential rational functions of a path in En for groups M(n) and M+(n) are
obtained . This approach was developed for curves in papers [15, 16, 21, 22]
and for vector fields in [13, 14].

In paper [20], an invariant-theoretic approach to problems of G-equivalence
of Bézier curves for groups G = M+(n),M(n) is given. These papers contain
solutions of problems of global G-equivalence of Bézier curves for these groups
without using differential invariants of a Bézier curve.

The present paper is devoted to an investigation of problems of global
G-equivalence of regular and non-degenerate paths in E2 for groups G =
O(2), O+(2) in terms of global G-invariants of paths. For non-degenerate
curves, this theory is also investigated. For solutions of these problems, we
use complex numbers.

In the book [8, Theorems 6.1, 6.8], for the group M+(2), existence and
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uniqueness theorems for regular parametric curves in E2 were obtained by
using complex numbers. In the book [24], different concrete classes of plane
curves investigated by using complex numbers. In the end of this book, ”His-
torical notes” on the development of the concept of the complex number and
applications of complex numbers are given. Some applications of three types
of general complex numbers (ordinary complex numbers, hyperbolic numbers
and dual numbers) to two-dimensional geometries are given in the book [23].

This paper is organized as follows. In Sec. 2, some known results on
descriptions of groups G = O(2) and O+(2) in terms of complex numbers are
given. The fundamental G-invariants of a path in E2 for the groups G =
O(2), O+(2) are given. In Sec. 3, complete systems of global G-invariants
of a regular path and uniqueness theorems for regular paths are given. In
Sec. 4, theorems on an existence for regular paths and evident forms of a
path with given G-invariants are obtained. In Sec. 5, the type and invariant
parametrizations of an L-non-degenerate curve are defined and investigated.
In Sec. 6, complete systems of G-invariants of an L-non-degenerate curve and
uniqueness theorems for L-non-degenerate curves are obtained.

2 The groups G = O(2), O+(2) and fundamental
G-invariants of a path in E2

Let R be the field of real numbers and Ω be the field of complex numbers. The
multiplication in Ω has the form (a1 + ia2)(b1 + ib2) = (a1b1−a2b2) + i(a1b2 +

a2b1). We will consider element a = a1 + ia2 also in the form a =

(
a1
a2

)
.

For a = a1 + ia2, denote by Pa the matrix

(
a1 −a2
a2 a1

)
and consider Pa

also as the transformation Pa : Ω→ Ω, where Pab =

(
a1 −a2
a2 a1

)(
b1
b2

)
=(

a1b1 − a2b2
a1b2 + a2b1

)
for b = b1 + ib2 =

(
b1
b2

)
. Then we have the equality

ab = Pab. (1)

for all a, b ∈ Ω. Let P (Ω) denote the set of all matrices Pa, where a ∈ Ω. We
consider on P (Ω) the following standard matrix operations: the component-
wise addition, a scalar multiplication and the multiplication of matrices. Then
P (Ω) is a field, where the unit element is the unit matrix. The following
Propositions 2.1-2.5 are known.

Proposition 2.1. The mapping P : Ω → P (Ω), where P : a → Pa for all
a ∈ Ω, is an isomorphism of fields.
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For vectors a = a1 + ia2, b = b1 + ib2 ∈ Ω, we put < a, b >= a1b1 + a2b2.
Then < a, b > is a bilinear form on E2 and < a, a >= a21 + a22 is a quadratic
form on E2. Put Q(a) =< a, a >. We consider the field Ω also as the
two-dimensional Euclidean space E2 with the scalar product < a, b >. Then
‖a‖ = |a| =

√
Q(a),∀a ∈ Ω.

Proposition 2.2. (i) Equalities Q(a) = det(Pa), Q(ab) = Q(a)Q(b), |ab| =
|a| |b|, Q(a) = det(Pa) hold for all a, b ∈ Ω.

(ii) Let a = a1 + ia2 ∈ Ω∗. Then det(Pa) = Q(a) = a21 + a22 > 0.

An endomorphism ψ of a vector space Ω is called an involution of the field
Ω if ψ(ψ(a)) = a and ψ(ab) = ψ(a)ψ(b) for all a, b ∈ Ω. For an element
a = a1 + ia2 ∈ Ω, we set a = a1 − ia2.

Proposition 2.3. The mapping a → a is an involution of the field Ω. In
addition, for an arbitrary element a = a1 + ia2 ∈ Ω, equalities a+ a = 2a1, <
a, a >= aa = a21 + a22 ∈ R hold.

Proposition 2.4. Let a ∈ Ω. Then the element a−1 exists if and only if
Q(a) 6= 0. In the case Q(a) 6= 0, equalities a−1 = a

Q(a) and Q(a−1) = 1
Q(a)

hold.

Let W =

(
1 0
0 −1

)
. We will use W also for the writing of the element

z in the form z = Wz.

Proposition 2.5. Q(Wa) = Q(a) for all a ∈ Ω and < Wa,Wb >=< a, b >
for all a, b ∈ Ω.

Let a = a1 + ia2 ∈ Ω∗ that is |a| 6= 0. Put

P+
a =

(
a1
|a|

−a2
|a|

a2
|a|

a1
|a|

)
.

Proposition 2.6. Let a = a1 + ia2 ∈ Ω∗. Then the equality Pa = |a|P+
a

holds, where P+
a ∈ O+(2).

Proof. The equality Pa = |a|P+
a is obvious. Since ( a1|a| )

2 + ( a2|a| )
2 = 1, the

implication P+
a ∈ O+(2) follows from [5, p.161-162].

Put Ω∗ = {z ∈ Ω | Q(z) 6= 0}. Ω∗ is a group with respect to the multipli-
cation operation in the field Ω. Put S(Ω∗) = {z ∈ Ω | Q(z) = 1}, P (Ω∗) =
{Pz | z ∈ Ω∗} and P (S(Ω∗)) = {Pz | z ∈ S(Ω∗)}. S(Ω∗) is a subgroup of the
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group Ω∗ and S(Ω∗) =
{
eiϕ | ϕ ∈ R

}
. Denote by P (Ω∗)W the set of all ma-

trices {gW | g ∈ P (Ω∗)}, where gW is the multiplication of matrices g and
W .

We note that O+(2)∩O−(2) = ∅ and the set O+(2) is a subgroup of O(2).

Theorem 2.7. The following equalities are hold:

(i) O+(2) = {F : E2 → E2|F (x) = Pax, a ∈ S(Ω∗),∀x ∈ E2}

(ii) O−(2) = {F : E2 → E2|F (x) = PaW (x), a ∈ S(Ω∗),∀x ∈ E2}

(iii) O(2) = O+(2) ∪O−(2).

Remark 2.8. It is obvious that a T -path x(t) in E2 is L-regular if and only
if Q(x(t)) 6= 0 for all t ∈ T .

Let x(t) = (x1(t), x2(t)) be a T -path in E2 and x′(t) = (x′1(t), x′2(t)) is its
first derivative. Denote the determinant of vectors x(t), x′(t) by [x(t) x′(t)].

The following proposition is known.

Proposition 2.9. (i) The functions Q(x(t)) =< x(t), x(t) >, < x(t), x′(t) >
and < x′(t), x′(t) > are O(2)-invariant on the set of all L-regular T -paths
x(t) in E2;

(ii) The function <x(t),x′(t)>
Q(x(t)) is O(2)-invariant on the set of all L-regular

T -paths x(t) in E2;

(iii) The function [x(t) x′(t)] is O+(2)-invariant on the set of all L-regular
T -paths x(t) in E2;

(iV) The function
[x(t) x′(t)]
Q(x(t)) is O+(2)-invariant on the set of all L-regular T -

paths x(t) in E2;

(V) The function
[x(t) x′(t)]

2

Q2(x(t)) is O(2)-invariant on the set of all L-regular T -

paths x(t) in E2;

(Vi) The function <x′(t),x′(t)>
Q(x(t)) is O(2)-invariant on the set of all L-regular

T -paths x(t) in E2.
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3 Complete systems of invariants of an L-regular path
and uniqueness theorems for L-regular paths

Proposition 3.1. Let u, v ∈ Ω. Assume that Q(u) 6= 0. Then the element
vu−1 exists, the following equalities hold:

vu−1 =
< u, v >

Q(u)
+ i

[u v]

Q(u)

and

Pvu−1 =

(
<u,v>
Q(u) − [u v]

Q(u)
[u v]
Q(u)

<u,v>
Q(u)

)
. (2)

Proof. Let u = u1 + iu2, v = v1 + iv2. Since Q(u) 6= 0, element u−1 exists by
Proposition 2.4. Hence vu−1 exists. By Proposition 2.4, u−1 = u

Q(u) . Using

u = u1 − iu2 and the multiplication in the field Ω, we obtain the equality

vu−1 = <u,v>
Q(u) + i [u v]Q(u) . This equality and the notation of Pa imply (2).

Theorem 3.2. (i) Let x(t) and y(t) be L-regular T -paths in E2 such that

x(t)
O+(2)∼ y(t). Then, for all t ∈ T , the following equalities hold{

< x(t), x(t) >= < y(t), y(t) >,

[x(t) x′(t)] = [y(t) y′(t)] .
(3)

(ii) Conversely, if x(t) and y(t) are L-regular T -paths in E2 such that the

equalities (3) hold, then x(t)
O+(2)∼ y(t). Moreover, there exists the unique

F ∈ O+(2) such that y(t) = Fx(t) for all t ∈ T . In this case, F = U ,
where U ∈ O+(2), U has the following form

U =

(
<x(t),y(t)>
Q(x(t)) − [x(t) y(t)]

Q(x(t))
[x(t) y(t)]
Q(x(t))

<x(t),y(t)>
Q(x(t))

)
, (4)

and the matrix U does not depend on t ∈ T .

Proof. (i) Assume that x(t)
O+(2)∼ y(t). Then g ∈ O+(2) exists such that

y(t) = gx(t) for all t ∈ T . Using this equality, we obtain< y(t), y(t) >=<
gx(t), gx(t) >=< x(t), x(t) > for all t ∈ T . Hence the equality <
x(t), x(t) >=< y(t), y(t) > holds for all t ∈ T . Using det(g) = 1,
we obtain [y(t) y′(t)] = [gx(t) gx′(t)] = det(g) [x(t) x′(t)] = [x(t) x′(t)].
Hence the equality [x(t) x′(t)] = [y(t) y′(t)] holds for all t ∈ T .
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(ii) Conversely, assume that equalities (3) hold. Since x(t) and y(t) are L-
regular paths, we have Q(x(t)) 6= 0 and Q(y(t)) 6= 0 for all t ∈ T . Then,
by Proposition 2.4, (x(t))−1 and (y(t))−1 exist for all t ∈ T . We put
u = y(t), v = y′(t) in Proposition 3.1. Then we obtain

y′(t)

y(t)
=
< y(t), y′(t) > +i [y(t) y′(t)]

Q(y(t))
. (5)

Similarly, we obtain

x′(t)

x(t)
=
< x(t), x′(t) > +i [x(t) x′(t)]

Q(x(t))
. (6)

Equalities < x(t), x′(t) >= 1
2
d
dt < x(t), x(t) >, < y(t), y′(t) >= 1

2
d
dt <

y(t), y(t) > and the equality < x(t), x(t) >=< y(t), y(t) > in the equali-
ties (3) imply the equality < x(t), x′(t) >=< y(t), y′(t) > for all t ∈ T .
This equality, the equality Q(x(t)) =< x(t), x(t) >=< y(t), y(t) >=
Q(y(t)), the equality [x(t) x′(t)] = [y(t) y′(t)] in (3) and the equali-
ties (5), (6) imply the equality y′(t)(y(t))−1 = x′(t)(x(t))−1. Hence
y′(t)(y(t))−1 − x′(t)(x(t))−1 = 0 for all t ∈ T . Using this equality, we
obtain

d(y(t)(x(t))−1)

dt
= y′(t)(x(t))−1 − y(t)x′(t)(x(t))−2 =

y(t)(y′(t)(y(t))−1 − x′(t)(x(t))−1)(x(t))−1 = 0

for all t ∈ T . This means that the function y(t)(x(t))−1 is a constant
on T . Put g = y(t)(x(t))−1. Since Q(x(t)) 6= 0 and Q(y(t)) 6= 0 for all
t ∈ T , we have g 6= 0.

Since y(t) = y(t)(x(t))−1x(t)) = (y(t)(x(t))−1)x(t), we have y(t) =
gx(t). Using (1), we obtain y(t) = gx(t) = Pgx(t). The equality
< x(t), x(t) >=< y(t), y(t) > in (3) implies
< y(t), y(t) >=< Pgx(t), Pgx(t) >=< x(t), x(t) >= for all t ∈ T . Since
Pg is linear, we obtain Pg ∈ O(2). Then det(Pg) = 1 or det(Pg) = −1.
Using the equality [x(t) x′(t)] = [y(t) y′(t)] in the equalities (3), we ob-

tain that det(Pg) = 1 and Pg ∈ O+(2). Hence x(t)
O+(2)∼ y(t).

By g = y(t)(x(t))−1 = <x(t),y(t)>
Q(x(t)) + i [x(t) y(t)]Q(x(t)) and Proposition 3.1, Pg

has the form (4) and Pg = U . Since g is a constant, the matrix U does
not depend on t ∈ T .

Prove the uniqueness of U ∈ O+(2) satisfying the condition y(t) = Ux(t).
Assume that H ∈ O+(2) exists such that y(t) = Hx(t). Then by (1),
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Proposition 2.1 and Theorem 2.7(i), there exists the unique a ∈ Ω∗ such
that H = Pa. Hence we have y(t) = Pax(t). By (1), we obtain y(t) =
ax(t). Since Q(x(t)) 6= 0, y(t) = ax(t) implies that a = y(t)(x(t))−1 = g.
Hence Pa = Pg = U . The uniqueness of U is proved.

Example 3.3. Consider L-regular T -paths x(t) = ( t
4+1
t2+1 ,

t2

t2+1 ) and

y(t) = (
√
3−t2+

√
3t4

2+2t2 , 1+
√
3t2+t4

2+2t2 ), where T = R. It is easy to see that equalities
in the equalities (3) hold for these paths x(t) and y(t). Then, by Theorem

3.2(ii), x(t)
O+(2)∼ y(t). Moreover, by Theorem 3.2(ii), we obtain that U =( √

3/2 −1/2

1/2
√

3/2

)
.

Definition 3.4. A T -path x(t) in E2 is called completely L-degenerate if
[x(t) x′(t)] = 0 for all t ∈ T .
A T -path x(t) in E2 is called L-non-degenerate if [x(t) x′(t)] 6= 0 for all t ∈ T .

It is obvious that every L-non-degenerate path is L-regular. If x(t) and

y(t) are T -paths in E2 such that x(t) is completely L-degenerate and x
O(2)∼ y,

then y(t) is also completely L-degenerate. Similarly, it is obvious that if x(t)

is L-non-degenerate and x
O(2)∼ y, then y(t) is also L-non-degenerate.

Example 3.5. Consider the T -path x(t) = (t2, t
2

2 ) in E2, where T = (0, 1).
Then, [x(t) x′(t)] = 0 for all t ∈ T . That is, x(t) is a completely L-degenerate

T -path. Since t2 6= 0 for all t ∈ T , we obtain that x(t) = (t2, t
2

2 ) is a completely
L-degenerate L-regular T -path.

Theorem 3.6. (i) Let x(t), y(t) be completely L-degenerate L-regular T -

paths in E2 such that x(t)
O(2)∼ y(t). Then, for all t ∈ T , the following

equality holds:

< x(t), x(t) >=< y(t), y(t) > . (7)

(ii) Conversely, if x(t) and y(t) are completely L-degenerate L-regular T -

paths in E2 such that the equality (7) holds, then x(t)
O(2)∼ y(t). More-

over, only two elements F = F1, F2 ∈ O(2) exist such that y(t) = F (x(t))
for all t ∈ T . Here F1 = U1, F2 = (U2W ), where U1, U2 ∈ O+(2), the
matrix U1 has the form (4) and the matrixU2 has the form

U2 =

(
<Wx(t),y(t)>
Q(Wx(t)) − [Wx(t) y(t)]

Q(Wx(t))
[Wx(t) y(t)]
Q(Wx(t))

<Wx(t),y(t)>
Q(Wx(t))

)
. (8)

The matrices U1 and U2 are independent from variable on t ∈ T .
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Proof. (i) Assume that x(t)
O(2)∼ y(t). The function < x(t), x(t) > is O(2)-

invariant, so the equality (7) holds.

(ii) Conversely, assume that equality (7) holds. Since x(t) and y(t) are com-
pletely L-degenerate paths, we have

[x(t) x′(t)] = [y(t) y′(t)] = 0. (9)

for all t ∈ T . This equality and the equality (7) imply the equalities
(3). Then, by Theorem 3.2(ii), the unique F ∈ O+(2) exists such that
y(t) = Fx(t) for all t ∈ T . This means that the unique U1 ∈ O+(2)
exists such that y(t) = U1x(t) for all t ∈ T . Here, the matrix U1 has the
form (4). By Theorem 3.2, the matrix U1 does not depend on t ∈ T .

Consider the T -path Wx(t). Since the function < x(t), x(t) > is W -
invariant, we have < Wx(t),Wx(t) >=< x(t), x(t) > for all t ∈ T .
Similarly we obtain < Wy(t),Wy(t) >=< y(t), y(t) > for all t ∈ T .
Using det(W ) = −1 and the equality (9) for all t ∈ T , we obtain[
Wx(t) (Wx)

′
(t)
]

= det(W ) [x(t) x′(t)] = − [x(t) x′(t)] = [y(t) y′(t)] = 0

Using the equalities < Wx(t),Wx(t) >=< x(t), x(t) > and[
(Wx(t)) (Wx)

′
(t))
]

= [y(t) y′(t)] = 0, we obtain equalities:< Wx(t),Wx(t) >= < y(t), y(t) >,[
Wx(t) (Wx)

′
(t)
]

= [y(t) y′(t)] .

for all t ∈ T . Then, by Theorem 3.2(ii), the unique U2 ∈ O+(2) exists
such that y(t) = U2(Wx(t)) = (U2W )x(t) for all t ∈ T . Here, the matrix
U2 has the form (8). By Theorem 3.2, the matrix U2 does not depend
on t ∈ T .

Let F ∈ O(2) such that y(t) = Fx(t). Prove that Fx(t) = U1x(t)
or Fx(t) = (U2W )x(t). Let y(t) = Fx(t) = Cx for some C ∈ O(2).
Then C ∈ O+(2) or C ∈ O−(2) = O+(2)W . Assume that C ∈ O+(2).
Then, by the uniqueness in Theorem 3.2, C = U1. Assume that C ∈
O+(2)W . Then C has the form C = DW , where D ∈ O+(2). We
have y(t) = (DW )x(t) = D(Wx(t)). Hence paths y(t) and Wx(t) are
O+(2)-equivalent. By the uniqueness in Theorem 3.2, D = U2.

Theorem 3.7. (i) Let x(t) and y(t) be L-non-degenerate T -paths in E2

such that x
O(2)∼ y. Then, for all t ∈ T , the following equalities hold
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{
< x(t), x(t) >= < y(t), y(t) >,

[x(t) x′(t)]
2

= [y(t) y′(t)]
2
.

(10)

(ii) Conversely, if x(t) and y(t) are L-non-degenerate T -paths in E2 such that

the equalities (10) hold, then x
O(2)∼ y. Moreover, the unique F ∈ O(2)

exists such that y(t) = Fx(t) for all t ∈ T . In this case, the following
cases exist:

(a) [x(t) x′(t)] > 0 and [y(t) y′(t)] > 0 for all t ∈ T ;

(b) [x(t) x′(t)] > 0 and [y(t) y′(t)] < 0 for all t ∈ T ;

(c) [x(t) x′(t)] < 0 and [y(t) y′(t)] > 0 for all t ∈ T ;

(d) [x(t) x′(t)] < 0 and [y(t) y′(t)] < 0 for all t ∈ T .
In cases (a) and (d), F = U1, where U1 ∈ O+(2) and the matrix U1 has
the form (4).
In cases (b) and (c), F = (U2W ), where U2 ∈ O+(2) and the matrix U2

has the form (8).

Proof. (i) Let x
O(2)∼ y. The functions < x(t), x(t) > and [x(t)x′(t)]

2
are

O(2)-invariant for all t ∈ T . So equalities (10) hold.

(ii) Conversely, assume that equalities (10) hold. Since x(t) and y(t) are L-
non-degenerate T -paths, [x(t) x′(t)] 6= 0 and [y(t) y′(t)] 6= 0 for all t ∈ T .
Hence there exist the following cases:

(a) [x(t) x′(t)] > 0 and [y(t) y′(t)] > 0 for all t ∈ T ;

(b) [x(t) x′(t)] > 0 and [y(t) y′(t)] < 0 for all t ∈ T ;

(c) [x(t) x′(t)] < 0 and [y(t) y′(t)] > 0 for all t ∈ T ;
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(d) [x(t) x′(t)] < 0 and [y(t) y′(t)] < 0 for all t ∈ T .

By the equalities (10), we have the equality [x(t) x′(t)]
2

= [y(t) y′(t)]
2
.

In cases (a) and (d) this equality implies [x(t) x′(t)] = [y(t) y′(t)]. Then, by
Theorem 3.2, we obtain that there exists the unique F ∈ O+(2) such that
y(t) = Fx(t) for all t ∈ T and Fx(t) = U1x(t), where the matrix U1 has the
form (4).

In cases (b) and (c), the equality [x(t) x′(t)]
2

= [y(t) y′(t)]
2

implies
[x(t) x′(t)] = − [y(t) y′(t)] for all t ∈ T . Using this equality and det(W ) = −1,
we obtain

[Wx(t) (Wx)′(t)] = det(W ) [x(t) x′(t)] = − [x(t) x′(t)] = [y(t) y′(t)]

for all t ∈ T . This equality and the equality
< Wx(t),Wx(t)) =< x(t), x(t) >=< y(t), y(t) > imply the equalities (3) for
paths Wx(t) and y(t). By Theorem 3.2(ii), the unique U2 ∈ O+(2) exists
such that y(t) = U2(Wx(t)), where U2 has the form (8). Since U2 ∈ O+(2),
we have U2W ∈ O+(2)W .

Lemma 3.8. For all vectors y1, y2, z1, z2 in E2, the equality [y1y2][z1z2] =<
y1, z1 >< y2, z2 > − < y1, z2 >< y2, z1 > holds.

Proof. A proof of the this lemma is given in ([16, Lemma 13]).

Theorem 3.9. (i) Let x(t), y(t) be L-non-degenerate T -paths in E2 such

that x
O(2)∼ y. Then, for all t ∈ T , the following equalities hold{

< x(t), x(t) >= < y(t), y(t) >,

< x′(t), x′(t) >= < y′(t), y′(t) > .
(11)

(ii) Conversely, if x(t) and y(t) are L-non-degenerate T -paths in E2 such that

the equalities (11) hold, then x
O(2)∼ y. Moreover, the unique F ∈ O(2)

exists such that y(t) = Fx(t) for all t ∈ T . In this case, only cases
(a), (b), (c), (d) in Theorem 3.7 exist.
In cases (a) and (d), F = U1, where U1 ∈ O+(2) and U1 has the form
(4).
In cases (b) and (c), F = (U2W ), where U2 ∈ O+(2) and U2 has the
form (8).

Proof. (i) Let x
O(2)∼ y. Since functions < x(t), x(t) > and < x′(t), x′(t) >

are O(2)-invariants, so the equalities (11) hold.
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(ii) Conversely, assume that the equalities (11) hold.
Applying Lemma 3.8 to vectors y1 = z1 = x(t), y2 = z2 = x′(t), we obtain

the following equality

[x(t) x′(t)]
2

=< x(t), x(t) >< x′(t), x′(t) > − < x(t), x′(t) >2 (12)

for all t ∈ T .
As in the proof of Theorem 3.2, the equality < x(t), x(t) >=< y(t), y(t) >

for all t ∈ T implies the equality < x(t), x′(t) >=< y(t), y′(t) > for all t ∈ T .
Using the equalities (11), the equality < x(t), x′(t) >=< y(t), y′(t) > and the
equality (12) for all t ∈ T , we obtain the equalities (10). Then the proof of
the present theorem follows from Theorem 3.7.

4 Theorems on an existence for L-regular paths

Theorem 4.1. (i) Let a(t) be a real C(1)-function on T such that a(t) > 0
for all t ∈ T , and b(t) be a real continuous function on T . Then there
exists an L-regular T -path x(t) in E2 such that{

< x(t), x(t) >=a(t),

[x(t) x′(t)] =b(t)
(13)

for all t ∈ T . Moreover, a general solution of this system of equations
has the following form

x(t) = eiϕ
√
a(t)e

i
∫ t
t0

b(u)
a(u)

du
, (14)

where ϕ ∈ [0, 2π) and t0 ∈ T .

(ii) Conversely, every path of the form (14) in E2 is an L-regular path such
that the equalities (13) hold.

Proof. (i) Assume that an L-regular path x(t) in E2 such that the equalities

(13) hold. The identity vu−1 = <u,v>
Q(u) + i [u v]Q(u) in Proposition 3.1 implies

the following identity for the L-regular path x(t) :

x′(t)(x(t))−1 =
< x(t), x′(t) >

Q(x(t))
+ i

[x(t) x′(t)]

Q(x(t))
.

This identity, (13) and the equality < x(t), x′(t) >= 1
2
d
dt < x(t), x(t) >

imply the equality:
x′(t)

x(t)
=

1

2

a
′
(t)

a(t)
+ i

b(t)

a(t)
.
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Then we obtain the following differential equation for the path x(t):

x′(t) = (
1

2

a
′
(t)

a(t)
+ i

b(t)

a(t)
)x(t).

This differential equation has the following general solution:

x(t) = Ke
∫ t
t0

( 1
2

a
′
(u)

a(u)
+i

b(u)
a(u)

)du
,

where K ∈ Ω. Since x(t) is an L-regular path, we have x(t) 6= 0 for all
t ∈ T . This inequality and the last above equality imply that K 6= 0.
Using equalities < x(t), x(t) >= x(t)x(t) and < x(t), x(t) >= a(t), we
obtain the following equality

a(t) =< x(t), x(t) >=< Ke
∫ t
t0

( 1
2

a
′
(u)

a(u)
+i

b(u)
a(u)

)du
,Ke

∫ t
t0

( 1
2

a
′
(u)

a(u)
+i

b(u)
a(u)

)du
>

= Ke
∫ t
t0

( 1
2

a
′
(u)

a(u)
+i

b(u)
a(u)

)du
Ke

∫ t
t0

( 1
2

a
′
(u)

a(u)
−i b(u)

a(u)
)du

= |K|2 e
∫ t
t0

( 1
2

a
′
(u)

a(u)
)du
e
∫ t
t0

( 1
2

a
′
(u)

a(u)
)du
.

This equality implies the equality |K| e
∫ t
t0

( 1
2

a
′
(u)

a(u)
)du

=
√
a(t). Using this

equality and the equality K = |K| eiϕ, where 0 ≤ ϕ < 2π, we obtain

x(t) = Ke
∫ t
t0

( 1
2

a
′
(u)

a(u)
+i

b(u)
a(u)

)du
= |K| e

∫ t
t0

( 1
2

a
′
(u)

a(u)
du
eiϕe

∫ t
t0

(i
b(u)
a(u)

)du

= eiϕ
√
a(t)e

∫ t
t0

(i
b(u)
a(u)

)du
.

This equality implies the form (14).

(ii) Conversely, assume that an L-regular path x(t) has the form (14). Then,

we have x(t) = eiϕ
√
a(t)e

i
∫ t
t0

b(u)
a(u)

du
. This equality implies

< x(t), x(t) >=< eiϕ
√
a(t)e

i
∫ t
t0

b(u)
a(u)

du
, eiϕ

√
a(t)e

i
∫ t
t0

b(u)
a(u)

du
>=

eiϕ
√
a(t)e

i
∫ t
t0

b(u)
a(u)

du
e−iϕ

√
a(t)e

−i
∫ t
t0

b(u)
a(u)

du
= a(t).

Hence < x(t), x(t) >= a(t). The equality x(t) = eiϕ
√
a(t)e

i
∫ t
t0

b(u)
a(u)

du

implies

x′(t) = eiϕ
1

2

a
′
(t)√
a(t)

e
i
∫ t
t0

b(u)
a(u)

du
+ eiϕ

√
a(t)e

i
∫ t
t0

b(u)
a(u)

du
(i
b(t)

a(t)
).
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This equality and the equality x(t) = eiϕ
√
a(t)e

i
∫ t
t0

b(u)
a(u)

du
imply [x(t) x′(t)] =

[
eiϕ
√

a(t)e
i
∫ t
t0

b(u)
a(u)

du
(eiϕ

1

2

a
′
(t)√
a(t)

e
i
∫ t
t0

b(u)
a(u)

du
+ eiϕ

√
a(t)e

i
∫ t
t0

b(u)
a(u)

du
(i
b(t)

a(t)
))

]
=[

eiϕ
√

a(t)e
i
∫ t
t0

b(u)
a(u)

du
eiϕ

1

2

a
′
(t)√
a(t)

e
i
∫ t
t0

b(u)
a(u)

du

]
+[

eiϕ
√

a(t)e
i
∫ t
t0

b(u)
a(u)

du
eiϕ
√

a(t)e
i
∫ t
t0

b(u)
a(u)

du
(i
b(t)

a(t)
)

]
=

1

2
a
′
(t)

[
eiϕe

i
∫ t
t0

b(u)
a(u)

du
eiϕe

i
∫ t
t0

b(u)
a(u)

du

]
+ b(t)

[
eiϕe

i
∫ t
t0

b(u)
a(u)

du
ieiϕe

i
∫ t
t0

b(u)
a(u)

du

]
=

0 + b(t)

[
eiϕe

i
∫ t
t0

b(u)
a(u)

du
ieiϕe

i
∫ t
t0

b(u)
a(u)

du

]
= b(t)

[
e
i(ϕ+

∫ t
t0

b(u)
a(u)

du)
ie

i(ϕ+
∫ t
t0

b(u)
a(u)

du)

]
=

b(t)

∣∣∣∣∣ cos(ϕ+
∫ t

t0

b(u)
a(u)

du) sin(ϕ+
∫ t

t0

b(u)
a(u)

du)

−sin(ϕ+
∫ t

t0

b(u)
a(u)

du) cos(ϕ+
∫ t

t0

b(u)
a(u)

du)

∣∣∣∣∣ = b(t).

Hence [x(t) x′(t)] = b(t) and the equalities (13) hold.

Example 4.2. Let T = R. Consider the following real continuous functions
on T : a(t) = 4

1+4t2 and b(t) = −8
(1+4t2)2 . In this case, the system of the

equalities (13) has the following general solution:

x(t) = eiϕ
√
a(t)e

i
∫ t
t0

b(u)
a(u)

du
= eiϕ

2√
1 + 4t2

e
i
∫ t
0
−2

1+4u2 du

= eiϕ
2√

1 + 4t2
e−iarctan(2t)

= eiϕ
2√

1 + 4t2
(

1√
1 + 4t2

− i 2t√
1 + 4t2

)

= eiϕ(
2

1 + 4t2
− i 4t

1 + 4t2
),

where ϕ ∈ [0, 2π).

Theorem 4.3. (i) Let a(t) be a real C(1)-function on T such that a(t) > 0
for all t ∈ T . Then there exists a completely L-degenerate L-regular
T -path x(t) in E2 such that

< x(t), x(t) >= a(t)

for all t ∈ T . Moreover, a general solution of this equation has the
following form

x(t) = eiϕ
√
a(t), (15)
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where ϕ ∈ [0, 2π).

(ii) Conversely, every T -path x(t) in E2 of the form (15) is a completely
L-degenerate L-regular path.

Proof. (i) Assume that x(t) is a completely L-degenerate L-regular T -path
in E2 such that < x(t), x(t) >= a(t). Since x(t) is completely L-
degenerate, we have [x(t) x′(t)] = 0 for all t ∈ T . Then, using Theorem
4.1 to x(t), we obtain the form (15).

(ii) Conversely, assume that x(t) has the form (15). We have x(t) = eiϕ
√
a(t)

and x′(t) = 1
2e
iϕ a′(t)√

a(t)
. Then we obtain

[x(t) x′(t)] =

[
eiϕ
√
a(t)

1

2
eiϕ

a
′
(t)√
a(t)

]
=

1

2
a
′
(t)
[
eiϕ eiϕ

]
= 0.

Hence the path (15) is completely L-degenerate. It is obvious that the
path (15) is L-regular.

Theorem 4.4. (i) For every L-non-degenerate T -path x(t) in E2, condi-
tions Q(x) > 0 and [x(t) x′(t)]2 > 0 hold for all t ∈ T .

(ii) Let t0 ∈ T , a(t) be a real C(1)-function on T such that a(t) > 0 for all
t ∈ T , and c(t) be a real continuous function on T such that c(t) > 0
for all t ∈ T . Then there exists an L-non-degenerate T -path x(t) in E2

such that {
< x(t), x(t) >= a(t),

[x(t) x′(t)]
2

= c(t).

for all t ∈ T . Moreover, a general solution of this system of equations
has the following form

x(t) = eiϕ
√
a(t)e

i
∫ t
t0

√
c(u)

a(u)
du

(16)

or the following form

x(t) = eiϕ
√
a(t)e

−i
∫ t
t0

√
c(u)

a(u)
du
, (17)

where ϕ ∈ [0, 2π). Conversely, T -paths of forms (16) and (17) are L-non-
degenerate T -paths in E2 such that Q(x) = a(t) and [x′(t)x(2)(t)]2 = c(t).
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Proof. (i) It is obvious.

(ii) Assume that x(t) is an L-non-degenerate T -path in E2 such that Q(x) =
a(t) and [x(t) x′(t)]2 = c(t). Prove that x(t) has the form (16) or (17).
Using c(t) > 0 for all t ∈ T , we obtain [x(t) x′(t)]2 = (

√
c(t))2. This

equality implies ([x(t)x′(t)]+
√
c(t))([x(t)x′(t)]−

√
c(t)) = 0 for all t ∈ T .

Since x(t) is an L-non-degenerate T -path, there exists only following two
cases:

(ii.1) [x(t) x′(t)] > 0 for all t ∈ T

(ii.2) [x(t) x′(t)] < 0 for all t ∈ T .
Since

√
c(t)) > 0 for all t ∈ T , in the case (ii.1), the equality ([x(t)x′(t)]+√

c(t))([x(t) x′(t)] −
√
c(t)) = 0 implies [x(t) x′(t)] −

√
c(t) = 0 for all

t ∈ T . Since
√
c(t)) > 0 for all t ∈ T , in the case (ii.2), the equality

([x(t)x′(t)]+
√
c(t))([x(t)x′(t)]−

√
c(t)) = 0 implies [x(t)x′(t)]+

√
c(t) =

0 for all t ∈ T . Consider the following two cases:

(j) [x(t) x′(t)]−
√
c(t) = 0 for all t ∈ T ;

(jj) [x(t) x′(t)] +
√
c(t) = 0 for all t ∈ T .

In the case (j), we have [x(t) x′(t)] =
√
c(t) and Q(x) = a(t). Then,

using Theorem 4.1, where b(t) =
√
c(t)), we obtain the path (16). As

in Theorem 4.1, it is proved that the path (17) satisfies the conditions
[x(t) x′(t)] =

√
c(t) and Q(x) = a(t).

In the case (jj), we have [x(t) x′(t)] = −
√
c(t) and Q(x) = a(t). Then,

using Theorem 4.1, where b(t) = −
√
c(t)), we obtain the form (17). As

in Theorem 4.1, it is proved that the path (17) satisfies the conditions
[x(t) x′(t)] = −

√
c(t) and Q(x) = a(t).

Theorem 4.5. (i) A path x(t) is an L-non-degenerate T -path in E2 if and
only if the inequality < x(t), x(t) >< x′(t), x′(t) > − < x(t), x′(t) >2> 0
holds for all t ∈ T .

(ii) Let t0 ∈ T , a(t) be a real C(1)-function on T such that a(t) > 0 for
all t ∈ T and d(t) be a continuous function on T such that a(t)d(t) −
1
4 (a

′
(t))2 > 0 for all t ∈ T . Then there exists an L-non-degenerate
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T -path x(t) in E2 such that{
< x(t), x(t) >=a(t),

< x′(t), x′(t) >=d(t)
(18)

for all t ∈ T . Moreover, a general solution of this system of equations
has the following form

x(t) = eiϕ
√
a(t)e

i
∫ t
t0

√
a(u)d(u)− 1

4
(a
′
(u))2

a(u)
du

(19)

or the following form

x(t) = eiϕ
√
a(t)e

−i
∫ t
t0

√
a(u)d(u)− 1

4
(a
′
(u))2

a(u)
du
, (20)

where ϕ ∈ [0, 2π). Conversely, every T -paths of the forms (19) and (20)
are L-non-degenerate T -paths in E2 such that the equalities (18) hold.

Proof. (i) Using (12), we obtain that [x(t) x′(t)]2 > 0 for all t ∈ T if and
only if < x(t), x(t) >< x′(t), x′(t) > − < x(t), x′(t) >2> 0 hold for all
t ∈ T .

(ii) Assume that a regular T -path x(t) in E2 such that the equalities (18)
hold. Prove that x(t) has the form (19) or (20).

The equality < x(t), x(t) >= a(t) for all t ∈ T implies < x(t), x′(t) >=
1
2a
′
(t). Put c(t) = a(t)d(t) − 1

4 (a
′
(t))2. Using < x(t), x(t) >= a(t),

< x(t), x′(t) >= 1
2a
′
(t), < x′(t), x′(t) >= d(t), the equality (12) and the

equality c(t) = a(t)d(t)− 1
4 (a

′
(t))2, we obtain that [x(t)x′(t)]2 = c(t) > 0

for all t ∈ T . Hence x(t) is an L-non-degenerate T -path. Then, by
Theorem 4.4, x(t) has the form (16) or (17), where c(t) = a(t)d(t) −
1
4 (a

′
(t))2. This means that x(t) has the form (19) or (20).

Conversely, assume that x(t) is the T -path of form (19) or (20). Using
the equality (12), the equality c(t) = a(t)d(t) − 1

4 (a
′
(t))2 > 0 for all

t ∈ T and Theorem 4.4, we obtain that x(t) is an L-non-degenerate
T -path such that < x(t), x(t) >= a(t) and [x(t) x′(t)]2 = c(t), where
c(t) = a(t)d(t)− 1

4 (a
′
(t))2. Using the equality (12), the equalities c(t) =

a(t)d(t)− 1
4 (a

′
(t))2, < x(t), x′(t) >= 1

2a
′
(t) and < x(t), x(t) >= a(t) > 0

for all t ∈ T , we obtain < x′(t), x′(t) >= d(t).
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5 The type and invariant parametrizations of an L-non-
degenerate curve

Some definitions on curves are given in the section ”Introduction”.

Proposition 5.1. Let α be an L-regular curve. Then every parametrization
x ∈ α is an L-regular path.

Proof. Let α be an L-regular curve. Then there exists a parametrization x ∈ α
such that x(t) is an L-regular J-path, where J = (a, b) ⊆ R. Let y ∈ α be
an arbitrary parametrization and y(u) is an U -path, where U = (c, d) ⊆ R.
Then there exists a C(1)-diffeomorphism ϕ : U → J such that ϕ

′
(r) > 0 and

y(r) = x(ϕ(r)) for all r ∈ U . Since x(t) is an L-regular J-path, < x(t), x(t) > 6=
0 for all t ∈ J . We have < y(r), y(r) >=< x(ϕ(r)), x(ϕ(r)) >. Since <
x(t), x(t) > 6= 0 for all t ∈ J , we have < y(r), y(r) >=< x(ϕ(r)), x(ϕ(r)) > 6= 0
for all r ∈ U . Hence y(r) is an L-regular path.

Definition 5.2. A curve α will be called L-non-degenerate if it contains an
L-non-degenerate path.

Proposition 5.3. Let α be an L-non-degenerate curve. Then every parametriza-
tion x ∈ α is an L-non-degenerate path.

Proof. Let α be an L-non-degenerate curve. Then there exists a parametriza-
tion x ∈ α such that x(t) is an L-non-degenerate J-path, where J = (a, b) ⊆ R.
Let y ∈ α be an arbitrary parametrization and y(u) is an U -path, where
U = (c, d) ⊆ R. Then there exists a C(1)-diffeomorphism ϕ : U → J such that
ϕ
′
(r) > 0 and y(r) = x(ϕ(r)) for all r ∈ U . Since x(t) is an L-non-degenerate

J-path, [x(t) x′(t)] 6= 0 for all t ∈ J . We have

[y(r) y′(r)] =

[
x(ϕ(r))

dx(ϕ(r))

dr

]
=

[
x(ϕ(r))(ϕ

′
(r)

dx(ϕ(r))

dϕ
)

]
=

= ϕ
′
(r)

[
x(ϕ(r))

dx(ϕ(r))

dϕ

]
.

This equality and the inequality [x(t) x′(t)] 6= 0 for all t ∈ J implies the
inequality[
x(ϕ(r)) dx(ϕ(r))

dϕ

]
6= 0 for all r ∈ U . Since ϕ

′
(r) > 0 for all r ∈ U and[

x(ϕ(r)) dx(ϕ(r))
dϕ

]
6= 0 for all r ∈ U , the above equality implies [y(r) y′(r)] 6= 0

for all r ∈ U . Hence y(r) is an L-non-degenerate path.

Now we define invariant parametrizations of L-non-degenerate curves in E2.
Let x(t) be an L-non-degenerate J-path in E2, where J = (a, b) ⊆ R, a < b.
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For c, d ∈ R such that a < c < d < b, we put lx(c, d) =
d∫
c

|[x(t) x′(t)]| dt. The

limits lx(a, d) = limc→a lx(c, d) ≤ +∞ and lx(c, b) = limd→b lx(c, d) ≤ +∞
exist. There are only four possibilities:

(γ1) 0 < lx(a, d) < +∞, 0 < lx(c, b) < +∞;

(γ2) 0 < lx(a, d) < +∞, lx(c, b) = +∞;

(γ3) lx(a, d) = +∞, 0 < lx(c, b) < +∞;

(γ4) lx(a, d) = +∞, lx(c, b) = +∞.

Suppose that the case (γ1) or (γ2) holds for some c, d ∈ J . Then l =
lx(a, d) + lx(c, b) − lx(c, d), where 0 ≤ l ≤ +∞, does not depend on c, d ∈ J .
In this case we say that x belongs to the O(2)-type of (0, l). The cases (γ3)
and (γ4) do not depend on c, d. In these cases, we say that x belongs to the
O(2)-types of (−∞, 0) and (−∞,+∞), respectively. There exist paths of all
O(2)-types (0, l), where l < +∞, (0,+∞), (−∞, 0), and (−∞,+∞). The
O(2)-type of a path x will be denoted by TL(x).

Proposition 5.4. (i) Let x and y be L-non-degenerate paths in E2. If

x
O(2)∼ y, then TL(x) = TL(y);

(ii) If x and y are parametrizations of an L-non-degenerate curve α, then
TL(x) = TL(y).

Proof. A proof is easy and it is omitted.

The O(2)-type of a path x ∈ α will be called the O(2)-type of the non-
degenerate curve α and denoted by TL(α).

Proposition 5.5. Let α and β be non-degenerate curves in E2. If α
O(2)∼ β,

then TL(α) = TL(β).

Proof. A proof is easy and it is omitted.

Now we define an invariant parametrization of an L-non-degenerate curve
in E2. Let J = (a, b) and x(t) be an L-non-degenerate J-path in E2. We
define the O(2)-type arc length function sx(t) for each O(2)-type as follows.
We put sx(t) = lx(a, t) for the case TL(x) = (0, l), where l ≤ +∞, and
sx(t) = −lx(t, b) for the case TL(x) = (−∞, 0).
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Assume that TL(x) = (−∞,+∞). We define the function sx(t) for this
case. We choose a fixed point in every interval J = (a, b) of R and denote
it by aJ . Put aJ = 0 for J = (−∞,+∞). For the J-path x(t), we set
sx(t) = lx(aJ , t).

Since s′x(t) > 0 for all t ∈ J , the inverse function of sx(t) exists. Let
us denote it by tx(s). The domain of tx(s) is TL(x) and t′x(s) > 0 for all
s ∈ TL(x).

Proposition 5.6. Let U = (a, b) and x be an L-non-degenerate U -path in E2

and J = (c, d) ⊆ R. Then:

(i) sFx(t) = sx(t),∀t ∈ U and tFx(s) = tx(s),∀s ∈ TL(x), for all F ∈ O(2);

(ii) the equalities sx(ϕ)(r) = sx(ϕ(r)) + s0,∀r ∈ J and ϕ(tx(ϕ)(s + s0)) =

tx(s),∀s ∈ TL(x) hold for any C(1)-diffeomorphism ϕ : J = (c, d) → U
such that ϕ′(r) > 0 for all r ∈ J , where s0 = 0 for TL(x) 6= (−∞,+∞)
and s0 = lx(ϕ(aJ), aU ) for TL(x) = (−∞,+∞).

Proof. It is similar to the proof of Proposition 2 in [4].

Let α be an L-non-degenerate curve, x ∈ α. Then x(tx(s)) is a parametriza-
tion of α.

Definition 5.7. (see [4, 15]) The parametrization x(tx(s)) of an L-non-
degenerate curve α will be called an invariant parametrization of α.

We denote the set of all invariant parametrizations of an L-non-degenerate
α by Ip(α). Every y ∈ Ip(α) is a J-path, where J = TL(α).

Proposition 5.8. Let α be an L-non-degenerate curve, x ∈ α and x be a
J-path, where J = TL(α). Then the following conditions are equivalent:

(i) x is an invariant parametrization of α;

(ii) |[x(s) x′(s)]| = 1 for all s ∈ TL(α);

(iii) sx(s) = s for all s ∈ TL(α).

Proof. It is similar to the proof of Proposition 3 in [4].

Below J ⊆ R, where J is a one of sets (0, l), l < +∞; (0,+∞), (−∞, 0) or
(−∞,+∞).

Theorem 5.9. Let α be an L-non-degenerate curve in E2 and x(s) ∈ Ip(α).
Then x(s) has the following form

x(s) = eiϕ
√
a(s)e

i
∫ s
s0

1
a(u)

du
, (21)



Global invariants of paths and curves 58

or the following form

x(s) = eiϕ
√
a(s)e

−i
∫ s
s0

1
a(u)

du
, (22)

where ϕ ∈ [0, 2π) and a(s) is a real continuous functions on J .
Conversely, every path x(s) of the form (21) or the form (22) is an invari-

ant parametrization of an L-non-degenerate curve in E2.

Proof. Let α be an L-non-degenerate curve in E2 and x(s) ∈ Ip(α). Then,

by Proposition 5.8(ii), |[x(s) x′(s)]| = 1,∀s ∈ TL(α). Put c(s) = [x(s) x′(s)]
2

and a(s) =< x(s), x(s) > for all s ∈ TL(α). Then c(s) = 1 for all s ∈ TL(α).
This equality, equalities (16) and (17) imply that x(s) has the form (21) in the
case [x(s) x′(s)] = 1,∀s ∈ TL(α) and the form (22) in the case [x(s) x′(s)] =
−1,∀s ∈ TL(α).

Conversely, assume that x(s) has the form (21) or the form (22). Then, by

Theorem 4.4, Q(x(s)) = a(s) and |[x(s) x′(s)]|2 = c(s) = 1. By Proposition

5.8(ii), the equality |[x(s) x′(s)]|2 = 1 implies that the path x(s) is an invariant
parametrization.

Proposition 5.10. Let α be an L-non-degenerate curve and TL(α) 6= (−∞,+∞).
Then there exists the unique invariant parametrization of α.

Proof. A proof is similar to the proof of Proposition 4 in [4].

Let α be an L-non-degenerate curve and L(α) = (−∞,+∞). Then it is
easy to see that the set Ip(α) is infinite and it is not countable.

Remark 5.11. We note that if x(t) is a periodic L-non-degenerate path then
TL(x) = (−∞,+∞).

Proposition 5.12. Let α be an L-non-degenerate curve, TL(α) = (−∞,+∞)
and x ∈ Ip(α). Then Ip(α) = {y : y(s) = x(s+ c), c ∈ (−∞,+∞)}.

Proof. A proof is similar to the proof of Proposition 5 in [4].

Let H be a one of groups O(2), O+(2).

Theorem 5.13. Let α, β be L-non-degenerate curves and x ∈ Ip(α), y ∈
Ip(β). Then:

(i) for TL(α) = TL(β) 6= (−∞,+∞), α
H∼ β if and only if x

H∼ y;

(ii) for TL(α) = TL(β) = (−∞,+∞), α
H∼ β if and only if x

H∼ y(ψc) for
some c ∈ (−∞,+∞), where ψc(s) = s+ c.
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Proof. A proof of this theorem for the group H is similar to the proof of
Theorem 1 in [4] and it is omitted.

Theorem 5.13 reduces the problem of theH-equivalence of L-non-degenerate
curves for groups O(2), O+(2) to that of paths only for the case TL(α) =
TL(β) 6= (−∞,+∞).

Definition 5.14. Let J = (−∞,+∞). J-paths x(t) and y(t) will be called
[H, (−∞,+∞)]-equivalent, if there exist h ∈ H and d ∈ (−∞,+∞) such that
y(t) = hx(t+ d) for all t ∈ J .

Let α, β be L-non-degenerate curves such that TL(α) = TL(β) = (−∞,+∞).
In this case, Theorem 5.13 reduces the problem of the H-equivalence of these
curves to the problem of [H, (−∞,+∞)]-equivalence of paths.

6 Complete systems of invariants of an L-non-degenerate
curve and uniqueness theorems

By Theorem 5.13, G-equivalence and uniqueness problems for curves reduce
to the same problems for invariant parametrizations of curves only for the case
TL(α) = TL(β) 6= (−∞,+∞). Below we use this reduction.

Theorem 6.1. Let α, β be L-non-degenerate curves in E2, TL(α) 6= (−∞,+∞),
TL(β) 6= (−∞,+∞) and x ∈ Ip(α), y ∈ Ip(β).

(i) Assume that α
O+(2)∼ β. Then, for all s ∈ TL(α) the following equalities

hold 
TL(α) =TL(β),

< x(s), x(s) >= < y(s), y(s) >,

Sgn ([x(s) x′(s)]) =Sgn ([y(s) y′(s)]) .

(23)

(ii) Conversely, assume that the equalities (23) hold. Then there exists the
unique F ∈ O+(2) such that β = Fα. In this case, F = U , where
U ∈ O+(2), U has the following form

U =

(
<x(s),y(s)>
Q(x(s)) − [x(s) y(s)]

Q(x(s))
[x(s) y(s)]
Q(x(s))

<x(s),y(s)>
Q(x(s))

)
, (24)

and the matrix U does not depend on s ∈ TL(α).



Global invariants of paths and curves 60

Proof. (i) Let α
O+(2)∼ β. By Proposition 5.5, we have TL(α) = TL(β).

This equality, α
O+(2)∼ β and Theorem 5.13(i) imply x

O+(2)∼ y. By

Theorem 3.2, x
O+(2)∼ y implies the equalities (3). By the equalities

(3), the equalities < x(s), x(s) >=< y(s), y(s) > and [x(s) x′(s)] =
[y(s) y′(s)] hold for all s ∈ TL(α). The equality [x(s) x′(s)] = [y(s) y′(s)]
implies the equality
Sgn ([x(s) x′(s)]) = Sgn ([y(s) y′(s)]) for all s ∈ TL(α). Hence equalities
(23) hold.

(ii) Conversely, assume that the equalities (23) hold. Since x(s) and y(s) are
invariant parametrizations, by Proposition 5.8(ii), we have |[x(s) x′(s)]| =
1 and |[y(s) y′(s)]| = 1 for all s ∈ TL(α). These equalities imply
|[x(s) x′(s)]| = |[y(s) y′(s)]| for all s ∈ TL(α). This equality and the
equality Sgn ([x(s) x′(s)]) = Sgn ([y(s) y′(s)]) imply the equality [x(s) x′(s)] =
[y(s) y′(s)] for all s ∈ TL(α). This equality and the equalities (23) imply

the equalities (3). By Theorem 3.2, these equalities imply x
O+(2)∼ y and

there exists the unique F ∈ O+(2) such that y(s) = Fx(s). In this case,
F = U , where U ∈ O+(2), U has the form (24). Here, the matrix U
does not depend on s ∈ TL(α). Using x ∈ Ip(α), y ∈ Ip(β), Theorem
5.13(i) and y(s) = Fx(s) for all s ∈ TL(α), we obtain that β = Fα.

Remark 6.2. By Theorem 6.1, the system
{TL(α), < x(s), x′(s) >,Sgn ([x(s) x′(s)])}, where x(s) is the invariant parametriza-
tion of the curve α, is a complete system of O+-invariants of a curve α for the
case TL(α) 6= (−∞,+∞). But they are not O+(2)-invariants of a curve α ,
in the case TL(α) = (−∞,+∞).

Theorem 6.3. Let α, β be L-non-degenerate curves in E2, TL(α) = TL(β) =
(−∞,+∞) and x ∈ Ip(α), y ∈ Ip(β).

(i) Assume that α
O+(2)∼ β. Then there exists s1 ∈ (−∞,+∞) such that the

following equalities hold for all s ∈ (−∞,+∞){
< x(s+ s1), x′(s+ s1) >= < y(s), y′(s) >,

Sgn ([x(s) x′(s)]) =Sgn ([y′(s) y′(s)]) .
(25)

(ii) Conversely, assume that the equalities (25) hold for some s1 ∈ (−∞,+∞)
and all s ∈ (−∞,+∞). Then there exists the unique F ∈ O+(2) such
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that β = Fα. In this case, F = U , where U ∈ O+(2), U has the following
form

U =

(
<x(s+s1),y(s)>
Q(x(s+s1))

− [x(s+s1) y(s)]
Q(x(s+s1))

[x(s+s1 )y(s)]
Q(x(s+s1))

<x(s+s1),y(s)>
Q(x(s+s1))

)
, (26)

and the matrix U does not depend on s ∈ TL(α).

Proof. (i) Let α
O+(2)∼ β. By the supposition in this theorem, we have

TL(α) = TL(β) = (−∞,+∞). By this equality, α
O+(2)∼ β and Theorem

5.13(ii), there exists s1 ∈ (−∞,+∞) such that x(s + s1)
O+(2)∼ y(s).

By Theorem 3.2(i), x(s + s1)
O+(2)∼ y(s) implies the equalities (3) for

x(s+ s1) and y(s). That is,{
< x(s+ s1), x′(s+ s1) >= < y(s), y′(s) >,

[x(s+ s1) x′(s+ s1)] = [y(s) y′(s)] .

Hence the equality < x(s + s1), x′(s + s1) >=< y(s), y′(s) > holds for
all s ∈ TL(α). The equality [x(s+ s1) x′(s+ s1)] = [y(s) y′(s)] implies
the equality
Sgn ([x(s) x′(s)]) = Sgn ([x(s+ s1) x′(s+ s1)]) = Sgn ([y(s) y′(s)]) for
all s ∈ TL(α). Hence the equalities (25) hold.

(ii) Conversely, assume that the equalities (25) hold for some s1 ∈ (−∞,+∞)
and all s ∈ (−∞,+∞). Since x(s), y(s) are invariant parametrizations,
by Proposition 5.8(ii), we have |[x(s) x′(s)]| = 1 and |[y(s) y′(s)]| = 1
for all s ∈ TL(α). These equalities imply |[x(s+ s1) x′(s+ s1)]| =
|[x(s) x′(s)]| = |[y(s) y′(s)]| for all s ∈ TL(α). These equalities and
Sgn ([x(s) x′(s)]) = Sgn ([y(s) y′(s)]) imply the equality
[x(s+ s1) x′(s+ s1)] = [y(s) y′(s)] for all s ∈ TL(α). This equality and
the equalities (25) imply the equalities{

< x(s+ s1), x′(s+ s1) >= < y(s), y′(s) >,

[x(s+ s1) x′(s+ s1)] = [y(s) y′(s)]

for all s ∈ TL(α). By Theorem 3.2, x(s+ s1)
O+(2)∼ y(s) and there exists

the unique F ∈ O+(2) such that y(s) = Fx(s + s1) for all s ∈ TL(α).
In this case, F = U , where U ∈ O+(2), U has the form (26). Here, the
matrix U does not depend on s ∈ TL(α). Using x ∈ Ip(α), y ∈ Ip(β),
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Theorem 5.13(ii) and y(s) = Fx(s + s1) for all s ∈ TL(α), we obtain
that β = Fα.

Theorem 6.4. Let α, β be L-non-degenerate curves in E2, TL(α) 6= (−∞,+∞),
TL(β) 6= (−∞,+∞) and x ∈ Ip(α), y ∈ Ip(β).

(i) Assume that α
O(2)∼ β. Then we have{

TL(α) =TL(β),

< x(s), x′(s) >= < y(s), y′(s) >
(27)

for all s ∈ TL(α).

(ii) Conversely, assume that the equalities (27) hold. Then α
O(2)∼ β. More-

over, the unique F ∈ O(2) exists such that β = Fα. In this case, only
two following cases exist:

(ii.1) Sgn ([x(s) x′(s)]) = Sgn ([y(s) y′(s)]);

(ii.2) Sgn ([x(s) x′(s)]) = −Sgn ([y(s) y′(s)]).

In the case (ii.1), F = U1, where U1 has the form (26).

In the case (ii.2), F = (U2W ), where U2 has the following form

U2 =

(
<Wx(s),y(s)>
Q(Wx(s)) − [(Wx(s)) y(s)]

Q(Wx(s))
[(Wx(s)) y(s)]
Q(Wx(s))

<Wx(s),y(s)>
Q(Wx(s))

)
,

.

Here, the matrices U1 and U2 do not depend on s ∈ TL(α).

Proof. A proof follows easy from Theorems 5.13(i), 3.9 and 6.1.

Theorem 6.5. Let α, β be L-non-degenerate curves in E2, TL(α) = TL(β) =
(−∞,+∞) and x ∈ Ip(α), y ∈ Ip(β).

(i) Assume that α
O(2)∼ β. Then there exists s1 ∈ (−∞,+∞) such that the

following equality

< x(s+ s1), x′(s+ s1) >=< y(s), y′(s) > (28)

holds for all s ∈ (−∞,+∞).



Global invariants of paths and curves 63

(ii) Conversely, assume that there exists s1 ∈ (−∞,+∞) such that the

equality (28) holds for all s ∈ (−∞,+∞). Then α
O(2)∼ β. Moreover,

F ∈ O(2) exists such that β = Fα. In this case, following cases exist:

(ii.1) [x(s+ s1) x′(s+ s1)] = [y(s) y′(s)];

(ii.2) [x(s+ s1) x′(s+ s1)] = − [y(s) y′(s)].

In the case (ii.1), F = U1, where U1 has the form (26).

In the case (ii.2), F = (U2W ), where U2 has the following form

U2 =

(
<Wx(s+s1),y(s)>
Q(Wx(s+s1))

− [Wx(s+s1) y(s)]
Q(Wx(s+s1))

[Wx(s+s1) y(s)]
Q(Wx(s+s1))

<Wx(s+s1),y(s)>
Q(Wx(s+s1))

)
.

Here, the matrices U1 and U2 do not depend on s ∈ TL(α).

Proof. A proof follows easy from Theorems 5.13(ii), 3.9 and 6.3.

6.1 Conclusion

Methods, developed in the present work, will be useful in the theory of global
invariants of curves in two-dimensional geometries and physics. This approach
is also will be useful in the theory of global invariants of vector fields and a
system of curves in two-dimensional geometries and physics.
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